For the first question, they showed, under rather restrictive hypotheses, that d+1 consecutive vanishing Frobenius Betti numbers forces pd R M < ∞. And when d = 1 and R is CM then one vanishing Frobenius Betti number suffices. Using properties of stably phantom homology, we show that these results hold in general, i.e., d+1 consecutive vanishing Frobenius Betti numbers force pd R M < ∞, and, under the hypothesis that R is CM, d consecutive vanishing Frobenius Betti numbers suffice.
Introduction
Let (R, m, k) be a commutative local (so Noetherian) ring. When M is an R-module of finite length, we may consider various hypotheses about the syzygies of M , or of related modules, and ask if these hypotheses suffice to show that the projective dimension of M is finite. In particular, we are motivated by two questions asked by De Stefani, Huneke and Núñez-Betancourt in [7] .
The first question is in the context of local rings of positive prime characteristic p, where we have the Frobenius endomorphism f : R → R sending r → r p , and its iterates f e : R → R for e ≥ 0. Let λ(M ) denote the length of the module M . If λ(M ) < ∞, and G • is a resolution of M by finitely generated free modules, then F e (G • ) (see section 2 for background on the Frobenius functor) has finite length homology for all all e ≥ 0. If dim(R) = d, we may consider the Frobenius Betti numbers
which are non-negative real numbers. Having the extremal value of 0 for some positive i should suggest that M is particularly well-behaved. Indeed, Miller showed in [12, Corollary 2.5 ] that if R is a complete intersection then the existence of even one β F i (M, R) = 0 implies that pd R M < ∞. De Stefani, Huneke, and Núñez-Betancourt posed the question [7] : Question 1.1. Let M be an R-module of finite length. What vanishing conditions on β F i (M, R) imply that M has finite projective dimension?
Date: October 8, 2018. 1 Technically, they asked the question only in the case that R is F-finite (see section 2), but, in the manner β F i is defined here, that hypothesis is not necessary. They then showed that if R has a finitely generated regular algebra of the same dimension and if d + 1 consecutive β F i (M, R) (with i positive) vanish, then pd R M < ∞ (see [7, Proposition 4.1] ). Moreover, if dim R = 1 and R is Cohen-Macaulay, then a single vanishing β F i (M, R) (for i > 0) suffices ( [7, Corollary 4.8] ).
We are able to generalize both of these results. The former result is true without any hypotheses on the ring R, while the latter result is true in any arbitrary positive dimension provided only that R have positive depth and is formally equidimensional (a substantially weaker hypothesis than being CM). See Corollary 3.3 and Corollary 3.8.
The second way in which a module M of finite length may be "close to" being finite projective dimension is if M has a syzygy of finite length. For any local ring (R, m) of dimension one and depth zero, if we take a parameter x ∈ m then M = R/xR is a module which is not of finite projective dimension, but which has a second syzygy of finite length. Thus, one should ask about the possibility of syzygies of finite length at the dim(R) + 2 spot or higher ( [3] shows that the ith syzygies for 0 < i ≤ dim(R) syzygies are not finite length). In light of these facts, De Stefani, Huneke, and Núñez-Betancourt posed the question [7] : Question 1.2. Let R be a d-dimensional local ring, and let M be a finitely generated R-module such that pd R (M ) = ∞ and λ(M ) < ∞. If i > d + 1, then must the length of the ith syzygy be infinite?
There are very few satisfying results in this direction, although in dimension one it is shown in [7] that if a module of finite length has an ith syzygy, Ω i , of finite length, then λ(Ω i ) may be computed as an alternating sum of lengths of certain Tor modules. In this way, they are able to show that no such Ω 3 may be finite length. We give a simpler proof of their result on the length of such an Ω i , which holds in all dimensions (see Proposition 4.8).
There are several interesting results that follow from Proposition 4.8. We show, in Theorem 4.10, that in a ring of dimension two, no third syzygy of a finite length module can have finite length, suggesting that for d ≥ 2, Question 1.2 may have a positive answer for i ≥ d + 1 (not just for i > d+ 1). We also show that one form of bad behavior with respect to Question 1.2 forces good behavior in other cases with respect to Question 1.2. Specifically, in Theorem 4.13, we show that if H 0 m (R) has an i − 2nd syzygy of finite length for some i ≥ 4, then Syz i+1 (M ), where M has finite length, cannot have finite length.
We also show that Question 1.2 has a positive answer for rings in which the socle dimension of H 0 m (R) is large relative to the total length of H 0 m (R), generalizing the case of Buchsbaum rings done in [7] . See Theorem 4.4 for the precise statement.
f e : R → e R = R. For each e there is a functor from the category of R-modules to itself obtained by tensoring with e R and then identifying e R with R. We denote this functor by F e . In particular F e (M ) := e R ⊗ R M , where we have r ⊗ am = a q r ⊗ m and b(r ⊗ m) = (br) ⊗ M .
Using q = p e , for an ideal I ⊆ R, we set I [q] = (a q : a ∈ I), and we observe that I [q] is I e R so that F e (R/I) = R/I [q] . More generally, for N ⊆ M we set N
). We also use the notation that for m ∈ M , m q = 1 ⊗ m ∈ F e (M ). By the right exactness of tensor, if a module has presentation R b 1 φ → R b 0 and φ can be represented by the
is presented by the matrix [a q ij ]. We will be particularly concerned with left complexes of finitely generated free modules, (G • , φ • ), in which case, applying the Frobenius functor gives (F e (G • ), F e (φ • )), which is the left complex with free modules of the same rank, and matrices with entries in each position raised to the qth power.
We let R o be the complement of the minimal primes of R (e.g., R − {0} in the case that R is a domain). Given modules N ⊆ M we say that the element m ∈ M is in the tight closure
M . This definition is particularly easy to understand in the case that M = R t is a free module. Then N is generated by a set of t × 1 vectors, say n 1 , . . . n h and each n q j is the vector with components raised to the qth power.
Let (G • , φ • ) be a complex of R-modules (in our case G • will consist of finitely generated free modules, but this is not needed for the definition). We say that the complex has phantom homology at the ith spot if ker(
, and the complex has stably phantom homology at the ith spot if for all e ≥ 0, F e (G • ) is phantom at the ith spot. If G • is a left complex (i.e., G i = 0 for i < 0), then we say that G • is stably phantom acyclic if G • is stably phantom at the ith spot for all i > 0. (Note that a free resolution of a module has phantom homology at the ith spot for all i > 0, but, since the Frobenius endomorphism is not usually exact, it is very rare for such a complex to be stably phantom acyclic. Much of the work in section 3 depends on proving that enough consecutive stably phantom homology implies that a minimal free resolution is a finite resolution).
When testing tight closure, in principal the element c ∈ R o can change, but it is often the case that all tight closure tests can be done with one element. If we know that c ∈ R o works for all tight closure tests then we call c a test element. The theory of test elements is extremely interesting, but is not addressed in this paper. For our purposes it suffices to know the main theorem of [11] on test elements: Let R be essentially of finite type over an excellent local ring and reduced (e.g., complete and reduced). If d ∈ R o is such that R d is regular (such elements always exist in this case), then d has a power which is a test element.
We say that R is F-finite if 1 R is finitely generated as an R-module, in which case all e R are finitely generated. More generally, if M is an R-module then we can consider the module e M via restriction of scalars with respect to f e (this is true whether or not R is F-finite). When R is F-finite and M is finitely generated, then all e M are also finitely generated. Definition 2.1. (see section 3 of [7] ) Let (R, m, k) be an F -finite local ring of characteristic p and dimension d. Then α := log p [k : k 1/p ] is finite. Let M be a module of finite length and let N be a finitely generated module. For i ≥ 0, define the ith Frobenius Betti number of N with respect to M by
We will be most interested in the case that N = R. In this case, we observe that if G • is a free resolution of M then Tor R i (M, e R) can be naturally identified with H i (F e (G • )).
We can, in fact, define Frobenius Betti numbers, for any local ring of characteristic p. Let G • be a resolution of the finite length module M by finitely generated free modules and set
The limit exists by the results of Seibert ([15] ). The advantage to this point of view is that the vanishing of a β F i (M, R) is closely related to having phantom homology at the ith spot of G • , and we can use techniques from [1] .
Finite length modules with enough vanishing Frobenius Betti numbers
Our main goal in this section is to provide an answer to Question 1.1 under the most general hypotheses on a local ring (e.g., the answer we provide may not be the best possible if we were to assume that the ring is a complete intersection). In fact, finite projective dimension of a finite length module M over a ring (R, m) of dimension d and positive depth is equivalent to having d + 1 consecutive higher β Remark 3.1. Let (G • , φ • ) be a left complex of finitely generated free modules over a local ring (R, m) with all homology of finite length. Then, on the punctured spectrum, G • becomes split exact. Since Frobenius commutes with localization this implies that all homology of F e (G • ) has finite length. We will use this fact implicitly whenever we are concerned with resolutions of finite length modules. Let d = 1. Since R is a complete reduced local ring, we have a test element c ∈ R o such that cH i+j (F e R (G • )) = 0 for all 0 ≤ j ≤ 1. Choose t > 0 such that c 2 / ∈ m t . Let x ∈ R o ∩ m t be an element and S = R/xR. For all e ≥ 0, consider the short exact sequence of complexes
This induces long exact sequence of homology modules
Since S is Artinian, for e >> 0, the chain maps of
Consider an element x ∈ R avoiding all minimal primes of R such that c, x is a part of system of parameter of R. Let S = R/xR. Note that c (image of c in S) is in S o . Using the long exact sequence of homologies induced by the short exact sequence of complexes 
In particular, for any system of parameters
Proof. Without loss of generality we may assume that R is complete. Let G • be a minimal free resolution of M and R eq = R/I where I is the intersection of primary components of the ideal (0) associated to the primes p such that dim R/p = dim R.
By [2, Proposition 2.6], F e R eq (G • ⊗ R eq ) is phantom at the i + jth spots for all 0 ≤ j ≤ d and e ≥ 0. Then by Proposition 3.2, we have (G • ⊗ R eq ) i+d = 0 and hence G i+d = 0. Now suppose that for some system of parameters, [14] , we have
where H 1 denotes the first Koszul homology. Then by the first part of the corollary and the new intersection theorem, we get R is Cohen-Macaulay. 
Proof. Let (G • , α • ) be a minimal resolution of M. By Proposition 3.2, it is enough to show that G • is stably phantom at i + jth spots for all 0 ≤ j ≤ d. Fix j ∈ {0, . . . , d} and let a ∈ ker(α
The next lemma is proved using similar ideas to [7, Theorem 4.7] where the theorem is proved for one-dimensional Noetherian local rings and minimal free resolutions of finite length modules. Note that if Question 1.2 has a positive answer and i > d + 1, then the hypotheses of Lemma 3.5 would imply that pd R M < ∞.
is split exact. By hypothesis, there exits q 0 = p e 0 such that im(φ
i ) p ). Note that G i and G i−1 are free modules and localizing and taking powers can only decrease the rank of φ i . Thus we have b i = rank(φ
• ⊗ R p is split acyclic and hence ker((φ
Since for all q ≥ 1, 
Then by [15, Proposition 1 (a),(b)] and part (2) of the Lemma, we have
Using the same proofs of [7, Lemma 4.6] and [15, Proposition 1], we get the following lemma:
be a complex of finitely generated free R-modules such that
Proof. Without loss of generality we may assume that R is complete and equidimensional. We use induction on the dimension of R. 
for all 0 ≤ j ≤ d − 1. Suppose we prove the result for the complete local rings R/p for all p ∈ min(R). Then im(
Replacing R by R/p for each p ∈ min(R), we may assume that R is an equidimensional complete domain and
\ A where A = min(R/(c)). Then c, x n is a part system of parameter of R for all n ≥ 1. Define S n = R/x n R for all n ≥ 1 and let
and T is equidimensional. For all n ≥ 1, consider the short exact sequences of complexes
Using the information about T above, for all 1 ≤ j ≤ d − 1, and e ≥ 0, F e T eq (G • ⊗ R T eq ) is phantom at i + jth spot. Hence by [2, Proposition 2.6], for all 1
By induction and the fact that T is reduced, we have
Hence for all integers n ≥ 1, by Lemma 3.
where l is the rank of G i+d−1 . Since c is a test element of R, for all integers n ≥ 1, we have ca ∈ (x n ). Therefore ca ∈ n≥1 (x n ) = 0. Since c is a nonzerodivisor of R, we get a = 0. Proof. Let G • be a minimal free resolution of R/I and p ∈ SpecR \ {m}. By Theorem 3.7 and Lemma 3.5, we have Tor 
Syzygies with finite length
In this section we turn from dealing with asymptotic measures of length via Frobenius, to the open questions regarding syzygies of modules of finite length. In particular we want to address the second question asked by De Stefani, Huneke, and Núñez-Betancourt [7] : Question 4.1 (Question 1.2). Let R be a d-dimensional local ring, and let M be a finitely generated R-module such that pd R (M ) = ∞ and λ(M ) < ∞. If i > d + 1, then must the length of the ith syzygy be infinite?
One way that they gain information concerning this question is to show that in dimension one, a finite length syzygy of a finite length module M has a length that can be computed as an alternating sum of lengths of Tor's of M against R/xR where x is in a suitably high power of m ([7, Proposition 5.9]). We give a simpler proof of this fact when R has any dimension and we can replace xR by an m-primary ideal J in a suitable high power of m -see Proposition 4.8. From this result we can, in dimension two, derive Theorem 4.10, that for a sufficiently general x ∈ m, we may use the alternating sum of Tor's of M against R/xR (the proof must be done indirectly, because λ(R/xR) = ∞), and then a similar argument as given in [7] shows that no third syzygy of a finite length module can have finite length. Perhaps it is the case that Question 1.2 should be strengthened to ask whether or not, if dim R > 1, any higher syzygy of a finite length module can be finite length! From the long exact sequences of homologies induced by the above two short exact sequences, we get that Tor
Therefore λ(Tor M, k) ). Hence The proposition below is well known. We provide a proof for convenience of the reader. 
be a complex of finitely generated R-modules of finite length. Then
Proof. We prove using induction on n. Let n = 1. Then we have the following two exact sequences of R-modules (H 1 (F.) ). Now suppose n ≥ 2 and the result holds for all m ≤ n − 1. Let G • be the following complex
By the induction hypothesis we get
From the following two exact sequences of R-modules
We are now ready to extend [7, Proposition 5.9 ] to a large class of ideals in local rings of arbitrary dimension. Since the result is defined in terms of an alternating sum of lengths of Tors, we make the following definition: M, N ) ). Remark 4.7. In the case that 0 → N 1 → N 2 → N 3 → 0 is a short exact sequence, M has finite length, and Tor i+1 (M, N 3 ) = 0 (or, more generally when the connecting map Tor i+1 (M, N 3 ) → Tor i (M, N 1 ) is zero), then the short exact sequence in Tor's and additivity of lengths shows that
Proposition 4.8 shows that under the hypothesis that the i + 1st syzygy of a finite length module M has finite length, the length of the syzygy can be expressed as σ i (M, R/J) for any m-primary ideal in a suitably high power of m. (1)) such that all m-primary ideals J contained in m n satisfy the following 
is an acyclic complex of finitely generated R-modules.
Let t > 0 be an integer such that m t ⊆ Ann R (M ) ∩ Ann R (Syz i+1 M ). By the Artin-Rees Lemma, there exists an integer k > 0 such that for all l ≥ k, we have
Let n = k + t + b. Let J be an m-primary ideal such that J ⊆ m n . Then we have
Tensoring ( * ) with R/J we get the following complex of finitely generated R-modules of finite length,
(3) Let X = Ass(R)−{m}. If we pick elements x = x 1 , . . . , x d of m n (where n is as in part (2)) for our system of parameters in the usual way, while also avoiding the finite set X at each stage, the resulting system of parameter satisfies the properties of (1) and (2) . Define J = (x).
Lemma 4.9. Let (R, m) be a Noetherian local ring and let M be an R-module of finite length. Let y ∈ R be an element such that (0 : (y))
, the result follows from the long exact sequence of homology modules induced by the following short exact sequence tensored with ⊗ R M,
(2) The equalities follow from the long exact sequence of homology modules induced by the short exact sequence below tensored with ⊗ R M,
When (R, m) is a d-dimensional ring and M has finite length, then σ i (M, R/J) makes sense for any ideal J. However, we can only compute it using the help of Proposition 4.5 if J is mprimary. Below we provide an interesting observation in the case of two-dimensional rings. We show that we can compute the length of a finite length i + 1st syzygy of M using σ i (M, R/x 2 R) when x 2 is sufficiently general and in a high power of m, thus, as in the proof given in [7] in dimension one, we can rule out third syzgyies of finite length in dimension two. In a sense, we are suggesting that with regard to Question 1.2, dimension d = 1 is special in allowing a d + 1st syzygy to be finite length. For dimension d ≥ 2, perhaps the right question to ask is if any higher syzygy can be finite length? (1) If R is complete and λ(Syz i+1 M ) < ∞ then there exists a system of parameter x 1 , x 2 ∈ m n (where n is as mentioned in Proposition 4.8) such that x 1 is a Cohen-Macaulay multiplier for R, (0 : ( [10] ) for R, y 1 ∈ a \ A where A = {p ∈ Spec R : dim R/p = dim R}. Choose y 2 ∈ m n \ B ∪ C where n is as mentioned in Proposition 4.8(2), B = {p ∈ Ass R : dim R/p > 0} and C = min(R/(y 1 )). Then y 1 , y 2 is a system of parameters for R. Let i = 1, 2 and x i = y m i i with m i ≫ 0 such that (x 1 , x 2 ) ⊂ m l where l > n (n is as mentioned in Proposition 4.8), 0 :
. We consider the short exact sequence 
Observe that x 2 ((x 1 (x 1 : x 2 )) : x 2 ) = x 2 x 1 (x 1 : x 2 ). The containment ⊇ is clear. To see ⊆, let w ∈ (x 1 (x 1 : x 2 )) : x 2 . Then x 2 w ∈ x 1 (x 1 : x 2 ) and x 2 2 w ∈ x 2 1 R. Say x 2 2 w = x 2 1 v. Since x 1 is a Cohen-Macaulay multiplier, v ∈ x 2 2 : x 2 1 = x 2 2 : x 1 , so x 1 v = x 2 2 w ′ , where w ′ ∈ (x 1 : x 2 2 ) = (x 1 : x 2 ) (the last equality is by our choice for x 2 ). Thus x 2 2 w = x 1 x 2 2 w ′ , so w − x 1 w ′ ∈ 0 : x 2 2 = 0 :
We also have that 0 : x 1 = 0 : (x 1 x 2 ), since if x 1 x 2 z = 0, then x 1 z ∈ 0 : x 2 = H 0 m (R), and since x 1 is a Cohen-Macaulay multiplier, x 1 (x 1 z) = 0. By our choice, 0 : x 2 1 = 0 : x 1 , so z ∈ 0 : x 1 .
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Consider the two short exact sequences
The leftmost module in each of these sequences is the same, by the calculation above. Also, since 0 : (x 1 x 2 ) = 0 : x 1 , the minimal resolutions of the rightmost modules are the same after the first step, so, by our choice of x 1 and x 2 in a large power of m, we have σ i (M, R/x 1 x 2 R) = σ i (M, R/x 1 R). Hence by Proposition 4.8 and Remark 4.7, we get σ i (M, R/(x 1 x 2 (x 1 : x 2 ))) = σ i (M, R/(x 1 (x 1 : x 2 ))). Now, applying additivity of σ i (M, −) to Equation 4.10.1, we obtain that
. By Remark 4.2, we may assume R is a complete Noetherian local ring. Suppose, to the contrary, that λ(Syz 3 M ) < ∞. Then using Lemma 4.9 and part (1) of the theorem, we get
Remark 4.11. Suppose that (R, m) has dimension d ≥ 3 and M has finite length. If Syz i+1 (M ) has finite length, it is entirely possible that, analogously to the dimension 2 case, there is a general element x ∈ m such that λ(Syz i+1 (M )) = σ i (M, R/xR). We have not attempted (yet) to prove this because even if we knew it to be true, when i > 2, we do not know how to conclude that σ i (M, R/xR) ≤ 0.
Lemma 4.12. Let (R, m) be a local ring of dimension 1 or 2, depth R = 0 and M be an R-module of finite length. Let i ≥ 2 and λ(Syz i+1 M ) < ∞. Then
Proof. By Remark 4.2, we may assume R is a complete Noetherian local ring. If d = 1, let y be a parameter of R such that (0 : (y)) = H 0 m (R). If d = 2, using Theorem 4.10, choose a system of parameter
Using Lemma 4.9, we get
Theorem 4.13. Let (R, m) be a local ring of dimension 1 ≤ d ≤ 2 and depth R = 0. Let M be an R-module of finite length. Suppose one of the following is true.
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(1) Let i ≥ 3 and λ(Syz i R/I) < ∞ for some m-primary ideal I ⊂ m n where n is as in Proposition 4.8.
β j (N ) = 0. For k ≥ 2, consider the complex of R-modules of finite length
). Consider N = R/I and k = i ≥ 3. By Proposition 4.8,
which is a contradiction.
Consider N = H 0 m (R) and k = i − 2 ≥ 2. By Lemma 4.12,
which is a contradiction. Since R/H 0 m (R) is Cohen-Macaulay, x 1 , x 2 forms a regular sequence in R/H 0 m (R) where " − " denotes the image in R/H 0 m (R). Let a ∈ (x 1 ) ∩ (x 2 ) = x 2 ((x 1 ) : (x 2 )). Therefore a = x 2 r for some r ∈ ((x 1 ) : (x 2 )) and r ∈ ((x 1 ) : R/H 0 m (R) (x 2 )) = (x 1 ). Since x 2 H 0 m (R) = 0, we have a = x 2 r ∈ (x 1 x 2 ). Now (0 : (x 1 x 2 )) = H 0 m (R) implies ( We know of one other situation where we can assert that the higher syzygies (third or higher) of a finite length module are not finite length: Therefore β i (M ) = β i−1 (M ), which implies λ(Syz i−1 M ) < ∞, contradicting our choice of i smallest.
